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1. Introduction 

The aim of this paper is to give a complete answer to the following question. 

Problem. Let ( M , g , to) be a compact orbifold of complex dimension m endowed with an extremal 
metric g, having isolated quotient singularities at points {iUj and orbifold groups Pj <d[/( to). 
Assume in addition that the local models for the singularities C m /Tj admit scalar flat ALE Kdhler 
resolutions (Xr .then we address the following questions: 

(i) Is there an extremal global resolution (M,g,Co) of the above extremal Kdhler orbifold, in 

which suitable neighborhood of the singular points _ are replaced by suitable pieces 

of the model spaces {Xr 3 ; }j=i,...,s for the local resolutions? 

(ii) If g is a Kdhler constant scalar curvature (Kesc from now on) metric, when is the solution 
of the above problem Kcsc as well? 

The above problem, as well as its analogous when one performs blow ups of smooth points, 
has been the focus of extensive research and it is now well known that the main difficulties arise 
in the presence of nontrivial holomorphic vector fields, so when H° (M,TM) ^ {0}. It is now 
well understood that in the Kcsc case their presence forces the points to be in a special symplectic 
configuration, in order to get a positive answer to (ii). In other words, the points {®j}j=i,...,s must 
satisfy a balancing condition with respect to an L 2 -orthonormal basis of the symplectic potentials 
{<Pi}i=i,...,d of the holomorphic vector fields. On the other hand, from the works of LeBrun-Simanca 
mi, Arezzo-Pacard-Singer [3, and Szekelyhidi [2D] , one expects the extremal problem (i) to be 
unobstructed. Another evidence in favour of this guess for the extremal problem comes from 
Tipler’s solution to the above question for surfaces with cyclic quotient singularities Em¬ 
in the extremal case, the key difficulty lies in fact at the beginning, since one needs to construct 
Kahler potentials for the lift of he holomorphic vector fields on the local models. In the known 
blow up case, this had been observed in [3J Proposition 7.3] , while Tipler observed this fact in his 
special case. We prove this crucial fact in complete generality in Proposition 13.31 and this paves 
the way to checking that the standard gluing procedure works also in this case, finally confirming 
in complete generality the unobstructedness of the extremal problem. This is shown in Section [5] 
If g is an extremal metric and X s its extremal vector field, we denote with G := Isoq ( M,g ) l~l 
Ham (M, to) the identity component of the group of Hamiltonian isometries and with g its Lie 
algebra. Moreover we denote with T C G the maximal torus whose Lie algebra t contains the 
extremal vector field X s and T its lift to the resolution. With these notations, our main result in 
the extremal case reads: 


l 
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Theorem 1.1. Let ( M,g,ui) be a compact extremal orbifold with T-invariant metric g and singular 
points {xi, ..., xs}. Then there is e such that for every e £ (0, e) the resolution 

M := M \-1 Xi ,e X Fl U l2iE • • • U XS)E X rs 
has a T-invariant extremal Kdhler metric. 

Once we have refined our notations and distinguished different types of singular points as below 
in terms of the asymptotics of the local models, we can give a more precise statement concerning 
the Kahler class represented by the new extremal metric (see Theorem 15. II) . At this point we just 
underline the fact that the resulting Kahler class heavily depends on the geometry of the local 
model. 

The corresponding Kcsc problem (ii) is definitely more challenging and interesting. Passing from 
extremal to Kcscs one can rely on Calabi’s Theorem [7] stating that an extremal metric in a Kahler 
class with vanishing Futaki invariant is indeed Kcsc. Nonetheless computing the Futaki invariant 
is never an easy task, and in fact, while computed in Stoppa m, Della Vedova-Zuddas (TO] and 
Szekelyhidi 1201 in the smooth blow up case, is completely unknown for general resolutions. On top 
of this, we believe that the direct approach to the Kcsc equation is of its own interest, from the 
PDE’s point of view. 

It is clear from DQ> 0, 0, that the key technical notion coming into the solution to the above 
problem is the rate of convergence of the model metrics r/j' s towards the euclidean metric. Indeed 
a scalar fiat ALE Kahler metric rj has an expansion at infinity of the form (see e.g. [l], Lemma 7.2) 

( idd + e(AT)[x| 4-2m - c(X r )|x| 2 - 2m + O (|x|" 2m )) m > 3 

+ e(X r )log(|x|) -c(X r )|x| -2 + 0(|x|~ 4 )) m = 2. 

The analysis required to construct Kcsc metrics with PDE’s methods heavily depends on whether 
e(Ap) vanishes or not. It is interesting to observe that this analytic condition does not seem to 
have an easy algebraic interpretation in terms of the group T. In fact, even in complex dimension 
2, there are examples of groups which have (at least) two ALE scalar flat resolutions one with 
vanishing leading coefficient, and one with non vanishing one (see Le Brun )1~6| . Section 6, page 
244, and [18], Example 2, Section 6.7). We wish to thank H.-J. Hein, C. Spotti, C. Le Brun and 
I. Suvaina for many discussions about this point, and for pointing out to us these examples, which 
contradict our first guess. The only clear and classical fact is that if rj is Ricci flat then e(AT) = 0 
and c(AT) is negative. It is possible that the condition e(Ar) = 0 characterises Ricci flat metrics 
among scalar fiat one, on minimal resolutions of the singularities. 

Notation. Despite the existence of the above mentioned examples, to keep the formulae below in 
a readable shape, we will denote by e(r) the leading coefficient of the ALE scalar flat metric on 
AT, i.e. e(F) = e(Xr), since there is no possibility of confusion among different resolutions of the 
same singularity. 

In terms of these coefficients, the following table collects what is known about the main problem in 
the Kcsc case: 
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e (Tj) = 0 for all f s 

e (Tj) = 0 for some j’s 
and e (Tfc) f 0 for 
some k 

e (Tfc) jfO for all k 

H° (M, TM) = {0} 

Yes ([I]) 

Yes ([I]) 

Yes (P) 

H° (M, TM) ± {0} 


?2 If dim M > 2. 

Yes with points in 



Yes if dim (M) = 2 

special symplectic 



and with points in 

position (easy 



special symplectic 

adaptation of [ 2 j) 



position (|18J) 



This paper gives the exact balancing conditions to answer ?i and ?2 hence completing the solution 
to the above problem in terms of the asymptotics of the local models. 

Theorem 1.2. Let (M,g,ai) be a Kcsc orbifold with isolated singularities. Let p = {pi,... ,pn} C 
M the set of points with neighborhoods biholomorphic to a ball of <C m /Tj with Tj nontrivial finite 
subgroup ofU(m) such that C m /Tj admits a scalar flat ALE resolution (A'n,, hj, pj) with e (Ar 3 ) = 

0 . 


• Assume q := {< 71 , ..., qx } C M is the set of points with neighborhoods biholomorphic to 
a ball of C m /Tx+i such that C. m /Tx+i admits a scalar flat ALE resolution (Yr N+l ,ki,9i) 
with e(T n+i) 7 ^ 0. If there exist a := (ai,..., ax) G (R + ) A such that 

Ef=if3^(«) = o i = i 

(1.1) 

( >(£+ 01 '^ («)) i<i< d has full rank 

1 <1<K 

then there exists £0 > 0 such that, for any e < £0 and any b = (b \,..., b n ) G (R + ) JV , the 
manifold 

M := M U Pl)E AY 1 L P2)£ • • • U PJV>£ Ap N U 9l )£ A"pj, +1 LIg 2]£ • • • Uq N+K e Ap N+K , 
admits a Kcsc metric. 

• If q = 0 and there exists b G and c G such that 


Ef- (1 


, A?,) 

J I c(Tj ) | 


A u ipi (pj 


m ( Pj )) 


= 0 i = 1 ,..., d 


(|c(Tj'j| (hjA u ipi (pj) + Cjipi ( Pj)) \ 1 < i < d 

1 <j<n 


has full rank 


( 1 . 2 ) 
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with 


c j 




c 4 ,j 


(to + 1 ) I 2 (m — 1 ) |§ 2m-1 | 


(1.3) 


and the constants C 4 J’s defined in formula (14.111) . then there exists £o > 0 such that for 
any e < £q 

M-.= M U Pl>£ X Tl U P2 , £ • • • U PJVi£ Xt n 

admits a Kcsc metric. 


Remark 1.3. As a byproduct of our analysis, the Kahler class of the Kcsc metrics produced on M 
can be specified in terms of the Kahler classes of the building blocks. More precisely, using the 
same notation as in the statement of Theorem II. 21 we have that: 

• If q ^ 0, then for every e < £ 0 the Kcsc metrics constructed on 


Af :— M U Pl>£ Aiy LI P2 ,e ■ ■ ■ LJ Pw j£ A'r v U q 1 >£ Arjy +1 LI ?2 j£ 
belongs to the class 


u. 


Qn+k 


,e 


K 

7r*M + E e ' 
1=1 


N 


2m—2 ~ 2m—2 


m + E £ 2 m& ife] 

j=i 


where, in terms of the standard inclusions, the [ijjJ’s and the [ 0 ;]’s are respectively given by 
b* [Vj] = [Vj] with ij : X TjiRe -A M 
ijv+iN = [9i] with W+i : Yt n+1 ,r b -a M 

whereas the coefficient ai ’s are related to the ones appearing in the balancing condition (HD- 
More precisely they satisfy the estimate 



~2 rzv + z|az 


a ‘ 4 1§ 3 e(Tjv+z)| 

Tzv+z ai 

8 (to — 2 )(to - 

1) |S 2 m_ i| e(rjv+z)| 


< Ce 1 

< Ce 7 


for m = 2 
for to > 3 


for some 7 > 0 . 


• If q = 0, then for every £ < £ 0 the Kcsc metrics constructed on 
M := M U P1 , £ X Tl U P2i£ • • • U PiV , £ Xr N 

belongs to the class 


N 


7 r 




3 = 1 


where the [rjj]’ s satisfy i* [ 77 ^] = [r)j\, the maps ij : Xr jtRe ^A M being the standard 
inclusions, whereas the coefficients bj are related to the ones appearing in the balancing 
conditions HD and HD- More precisely, they satisfy the estimates 

l r j\ b 3 


b 2m - 
3 2 (to — 1) 


< Ce 1 


for some 7 > 0 . 
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In light of the above results, it would be very interesting to find a direct algebraic proof of the 
fact that the equations appearing in the system ED and ED are indeed the vanishing of the 
Futaki invariant of the Kahler classes we construct. 

The strategy of proof follows the line of the one of ( 6 } Theorem 1.1] and [2j Theorem 1.1] and 
we briefly recall it here for the sake of clearness. The first step is the construction of families - 
depending on carefully choosen parameters - of Kcsc metrics on M re (that is the starting orbifold 
M with small neighborhoods of points in p and q removed) and on AJv^’s and Yp N+ ,’s (that 
are large compact sets of the local model of resolutions of points respectively of p and q). The 
existence of such noncomplete Kcsc metrics follows from equations ED in the first case, and ED 
in the second one. 

Taking advantage of the possibility of “moving” the families of Kcsc metrics by changing their 
structural parameters, it is possible to find, via an iterative procedure, the correct choice of pa¬ 
rameters for which the various families match at the boundaries and produce, at once, the desin- 
gularization M together with the Kcsc metric w. This step crucially needs equation ED, when 

q = 0. 

As the reader can note, we assume the existence of a local model of resolution that is ALE 
Kahler. This is necessary if one tries to perform a gluing construction, but it is indeed a hard 
problem determining whether a quotient C m /r admits a scalar flat ALE Kahler resolution. In 
complex dimension 2 the situation is well understood. Indeed, LeBrun in m constructed scalar 
flat ALE Kahler resolutions for C 2 /Zfc with Z& acting diagonally with same weights, Calderbank 
and Singer in [ 8 ] provided toric (ALE Kahler ) scalar flat resolutions for C 2 /Zfc for any action of 
Zfc and Viaclovsky and Lock in [2?] settled the case with T non abelian proving that there exist 
a scalar flat ALE Kahler metric on the minimal resolution of any C 2 /r. In dimension greater or 
equal than 3 the class of finite subgroups of U(m) acting freely on the sphere enlarges greatly and 
very little is known on the existence of scalar flat ALE Kahler metrics on resolutions of the quotient 
singularities. It is possible to generalize to any dimension the result of m for group Zfe with 
diagonal action with same weights, and for dimension 3 a combination of the results of Joyce jl~2j . 
Goto OH, Van Coevering [22] and Conlon-Hein [9] ensure the existence of Ricci-flat ALE Kahler 
metrics on crepant resolutions of C 3 /T with T a finite subgroup of SU(3). 

2. Notations and preliminaries 

From now on (M, g,uj) will be a Kahler orbifold with isolated singular points, with extremal 
metric g and extremal vector field X s . We denote with G := Isoq (M , g) fl Ham ( M , oj) the identity 
component of the group of Hamiltonian isometries and with g its Lie algebra. Moreover, we denote 
with T C G the maximal torus whose Lie algebra t contains the extremal vector field X s . It is a 
standard fact (see m that the action of T can be linearized at fixed points, more precisely it is 
possible to find adapted Kahler normal coordinates in some neighborhood U of fixed point p such 
that 

w = idd + ipu, ( \z with (z) = O (|^| 4 ) 

and T acts on U as a subgroup of U (m). Clearly, singular points are fixed points for the action of 
G and hence every 7 £ G lifts to a 7 £ Aut^^M^ so we denote with G and T the lifts of G and of 
T to M respectively. 

2.1. Singular points and local resolutions. We consider then two distinguished subsets of 
singular points p and q. We denote with p = (jq,..., p N } C M the set of points with neighborhoods 
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biholomorphic to a ball of C m /Tj with Tj nontrivial finite subgroup of U(m) such that C m /Tj 
admits a scalar flat ALE resolution (Ap., h 3 , r/j) with e(Tj) = 0. Moreover, we denote with 
q := {< 71 ,..., qk} Q M be the set of points with neighborhoods biholomorphic to a ball of C m /rjv+z 
such that C m /r n+i admits a scalar flat ALE resolution (Yr w+ i> h, 61 ) with e(r n+i) 7 ^ 0. Whenever 
we will work extremal metrics we assume that groups r^r+z are nontrivial. When there is no risk 
of confusion and no need to make the above distinction, we will just indicate by (Ap., h :j . r/j) the 
local model irrespectfully of the asymptotic of the metric. 

2.2. Eigenfunctions and eigenvalues of Ag 2 m-i. We denote with § 2m_ 1 is the unit sphere of 
real dimension 2 m — 1, endowed with metric induced by (C m , g eU ci)- We also denote by {<f>k}kGn a 
complete orthonormal system of L 2 (S 2m_1 ), generated by eigeinfunctions </>*,’s of A§ 2 m-i, so that, 
for every k £ N, 

A§ 2 m -1 (j>k = \k<t>k 

and we will indicate with <f>j the generic element of the j-th eigenspace of A§ 2 r»-i. For future 
convenience we introduce the following notation, given / £ L 2 (§ 2m_1 ) we denote with f^ the 
L 2 (§ 2m_1 )-projection of / on the A^-eigenspace of A§ 2 m-i and 

/(t) : = / _ /( 0 ) 


2.3. The extremal equation. We denote by the scalar curvature of the metric g and by p u 
its Ricci form. We denote moreover with S w the scalar curvature operator 


MO : C°°(M) —»> C°°(M), / S u (f) ■■= s u+iddf » 

We denote with : M —> g* the Hamiltonian moment map ( for a detailed account of Hamil¬ 
tonian moment map see e.g. HZ! ) for the action of G on M and we say that it is normalized 
if 


I (Mcj : -A) dpg — 0 

J M 


leg 


Using an invariant scalar product on g and the natural identifications we can regard as 


p u : M TM* . 

As exposed in P'3] the extremal equation for u> corresponds to the prescription 

dd^Suj = 0 


and in terms of the Hamiltonian moment map this is equivalent to 


Su> 


M,A a ) + VoL 



( 2 . 1 ) 


with A s a holomorphic vector field on M. 

In the sequel we will construct families of metrics in a fixed cohomology class, so it is necessary 
to understand how equation m changes if we consider another Kahler metric cohomologous to 
uj. Once we fix a Kahler class [w] and we fix a Kahler form uj £ [uz] then the extremal equation in 
the class [w] is the nonlinear PDE in the unknowns / £ C°°(M) , c £ R and A £ H° (M,TM) 


u+iddf ’ X I + 


, dpu. 


IM 


So; (/) = C+ (//, 


VoL (M) 


( 2 . 2 ) 
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Remark 2.1. In equation (12.21) appears an unknown constant c because the perturbed moment 
gu+iddf ma P * s ’ g enera li not normalized. It is hence needed this further degree of freedom to 
obtain the correct extremal equation. 

When studying of a PDE, it is a standard procedure to consider the map, between suitable 
functional spaces, induced by the PDE itself. In the case of equation (|2.2I) the induced map 

g : V C C 4 ' a (M)xlx H° (M, TM) —» R 

is defined as 

s (/. c > X ) : = (/) - c - (^+iddf’ x ) - yd \m) J m SbJ d ^ u ' ^ 2 ' 3) 

and it is a matter of fact that is highly nonlinear in its variables and the extremal metrics correspond 
to the triples (/, c, X ) such that S (/, c, X) = 0. 

From now on we will work in the T-invariant framework, so we indicate with C k,a (M) T the 
subset of T-invariant functions in C k ’ a (M) and the definition of the map g in the T-invariant 
setting is the obvious one i.e. 

g : VC C 4 ’ a (Mf x R x t —> R 

with S acting in the same way as above. The following results, contained in [3], are indispensable 
to manipulate (12.31) in order to solve equation (12.21) in portions of the spaces we will consider in the 
sequel. 

It is natural to look for a “Taylor expansion” for £ at a zero, in order to study the behavior of 
£ for small perturbations of an extremal metric. The first step is to understand how the moment 
map changes as the symplectic form moves in a fixed Kahler class and this is done in the following 
proposition. 

Proposition 2.2. Let be a Kahler manifold with a Hamiltonian action of a Torus T C G 

and f € such that 

u> := w + iddf 

is the Kahler form of a T-invariant Kahler metric. A Hamiltonian moment map relative to uj 
is 

(l*a,X) := (p„,X)-±JXf 

With the next proposition we exploit the local structure of map S in a neighborhood of a zero. 

Proposition 2.3. Let ( M,g,u >) be a compact extremal Kahler manifold with extremal vector field 
X s , with T-invariant metric g and a normalized moment map for the action of G. Let f € 
C°°(M) T such that uj + iddf is a Kahler metric. If the triple ( f,X,c ) G C 4,Q ( M) T x R x t is 
sufficiently small i.e. 

\\f\\c i ’ a (M) T + l c l + \\ X \\c i ’ a {M) T < C 

for C > 0 sufficiently small, then 

$ (^f, c + y J Sul = — -L w [/] — ^ (Vs w , V/) — (gut -^}+ c +2^'^/+2^“ ; ^ ' 
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where is given by 


IUJ = a If + 4(p u \iddf), 


and Mu is the nonlinear remainder. 

Remark 2.4. The immediate consequence of Proposition ^. 3l is that if we want to solve equation (12.21) 
in a small neighborhood of an extremal metric then it is sufficient to solve the following equation 

1L, [/] + (Xs u , V/) + 2 ( Pu] , X) = 2c + JXf + (/) . (2.4) 

The purpose of expanding the nonlinear map $ is twofold: on one side it is necessary to put 
in evidence its linearization which encodes lots of informations on the solution, on the other side 
it allows us to put equation (12.21) in a form that, under some hypotheses, can be transformed in a 
fixed point problem and solved by means of contraction theorem. In order to translate equation 
(|2.4p to a fixed point problem, we need to to produce a right inverse for the linear operator induced 
by the linear part of equation dup . It is indeed necessary to identify the kernel of the induced 
linear operator and this is done in the following proposition. 

Proposition 2.5. Let be a compact extremal Kahler manifold and let P { b : C°° ( M) —>• 

T*M ®TM be the differential operator defined by 

Pui [/] := -Lj\7fJ. 

Then 

P*Mf} = [/] + (Vs w , V/) 

Moreover, 


ker (P*P U ) /R = {{ Pul , X) | X € 0 } . 

and, if we work with T-equivariant functions, then 

ker (P*P U ) /R = {( Pui ,X) |Xef)} . 

where l) is the Lie algebra of Cq (T)> the centralizer of T in G. 

In light of the previous lemma, the extremal equation for u> + iddf can be rewritten as 

KP» [/] = 2c + 2 {n u ,X) + JXf + PL (/) . (2.5) 

Remark 2.6. As one can see there are three unknowns in equation (12.51) that are / G C 4, “ (M) T , 
cel and X £ t that are related one to the other. Indeed to have a solution to the above equation 
we must have that the right hand side is L 2 -orthogonal to the kernel of Pf,Poj and hence the following 
conditions have to be satisfied 

and 

[ (fi u ,X) { Pu ,Xi) d Pui = ~ f [JXf + N u (f)} {ti u ,Xi) d Pui 
Jm 1 JM 

where {Xi,..., X^} is basis of t. 


i = l,...,d 
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2.4. The constant scalar curvature equation. We recall that the following expansion holds 

SM) = *»- + ^U/), (2.6) 

We recall now some well known results on the structure of Kahler potentials of Kcsc metrics. 
At any point p G M , there exists a holomorphic coordinate chart centered at p such that w can be 
written as 

u = idd ^ + ipj\ , with ip u = £>(|z| 4 ). 

If in addition is constant, then 


+oo 

1pu(z,z) = ^^ 4 +k(z,z), 

k =0 


with ^ 4 a real homogeneous polynomials of degree 4 + k and ^4 and ^5 satisfying the equations 

A 2 vk 4 = -2s w , 

A 2 ^ 5 = 0 . 


Let now T < U(m) be hnite, a complete noncompact Kahler manifold ( Xr,h,i )) of complex 
dimension to is an ALE Kahler resolution of C m /T if there exist R > 0 and a map it : Xr —> C m /T , 
such that 

7T : X r \ 7r-\B R ) —► (C m \ B R ) /T 

is a biholomorphism and in standard Euclidean coordinates the metric 7 r*h satisfies the expansion 


d° 


1 


faZ ( 1^*% - o 


= 0 


(i*r- |a| ), 


for some r > 0 and every multindex a € N m . 

If (Xr,h,p) is scalar flat then for R > 0 large enough, we have, by a result in 
Xr \ 7 r _ 1 (i?fl) the Kahler form can be written as 


that on 


V = 



e(r) |.r 


4—2m 


- c(r) M 


2—2 m 


+ ^ (x)) with = 0(|x| 2m ) for m > 3 


(■^ 2 —^ e (r) log (1*1) — c(r) \x\ 2 + ip v (*)) with ip v = 0(\x\ 4 ) for m = 2 

(2J) 

for some real constants e(r) and c(r) and the radial component ip^ in the Fourier decomposition 
of ip v is such that 

If moreover T <a [/(to) is nontrivial and e (r) =0 the Kahler form can be written as 

|2 


V = idd ( - c(r) M 2 " 2 ™ + ^ (*) 


with ip v = 0( |.i 


l ), 


( 2 . 8 ) 


for some non zero real constant c(r) and, by [ 6 ] Proposition 2.6] the radial component ip^ in the 
Fourier decomposition of ip, , is such that 

ri 0 H\x\) = O(\x \ 2 - 4 ™) . 

Remark 2.7. If the ALE Kahler resolution Xr admits a Ricci-flat (ALE Kahler) metric then by 
EH Theorem 8.2.3] the constant c(r) is non negative. 
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3. Linear analysis 

3.1. Linear analysis on the base. We indicate by M pq := M \ (p U q) and we agree that, if 
q = 0, then M p := M p j and whenever this case occurs and an object, that could be a function or 
a tensor, has indices relative to elements of q we set these indices to 0. 

The only part of linear analysis needed to attack the extremal problem is the following fact which 
is proved in [3]. 

Proposition 3.1. Let (M,g,co) be a compact extremal manifold with T-invariant metric g. Then, 
for 5 £ (4 — 2m, 5 — 2m) , the operator 

V u , s : Cf a (M P .q) T xtxK —> Cjl“ (M P . q ) T 

defined as 

Vu,,6 [(/, X, c)] := P:Pu, [/] + (Man X) + 2c 

is Fredholm with 

ker (V u ,s) /R = t. 

From now on the results contained in this subsection are proved in [6] and are not needed to prove 
Theorem 15.11 but are crucial for Theorem 11.21 

Throughout the paper we will assume that is (d + l)-dimensional and we set 

ker(L w ) = span K {^ 0 , Ti, • • •, Vd} , 

where = 1, d is a positive integer and (pi,...,<pd have zero mean and 11 tpt | |z, 2 (Af) = I, i = 1, ■ ■ ■ ,d. 
• We need now to recall solvability criteria for equations of the form 

L U u = p 

with p a linear combination of Dirac delta’s and their derivatives and elements of ker (L u ). 
It was proved in [6j Proposition 3.4] that, if the following linear balancing conditions hold 

K N N 

Y a m(qi ) + ^ Z b j( Al Pi){Pj ) + 

i=i j=l j =l 

K N 

Y ai + Y c o 
1=1 0=1 

there exist a distribution G a b, c G which satisfies the equation 

K N N 

IPlj [G a _n,c] T u a c ^ ) ai Sq l T ^ ] bj ASp^ T ^ ) Cj 5pj , in AI . 

1=1 j=i i=i 

and we will refer to G a b. c as a multi-poles fundamental solution of L^. We introduce 
functions Gaa(<7 , •) G Cf£ c {M q ) for q G q which have the espansions at q 

(\z\ 4 ~ 2m + 0(\z\ 6 ~ 2m ) m > 3 
Gaa(<7, z) = < 


= 0, i = 1,... ,d, 

= u a , c Vo L(M), 


log(\z\) + Cq + 0(\z\ 2 ) m = 2 
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with C q £ R and functions G'a(p, •) G C^ c (M p ) for p£p which have the expansions 

( j z j2—2m + | z |4-2m ( $ 2 + $ 4 ) + |^|5-2m TO > 3 

Ga(p,z) = < 

11^1 2 + 1 °§(M )(^2 + $ 4 ) + + \z\ ELo $ 2 A+i + G(|z| 2 ) m = 2 

with Cj, £ R and suitable smooth F-invariant functions $j ’s defined on § 2m_1 and belonging 
to the j-th eigenspace of the operator Ag 2 m-i 

• Given a triple of vectors a £ R A and (3 ,7 £ R A , we set, for m > 3, l = 1,... , A' and 

j = l,...,N, 

[ _ 8 (m- 2 “(m-l) ! |S^-l| G AA(«, ') m> 3 

Wl := { 

IAw^aa^,-) m = 2 


Pj\ r i\ Ga(Pj •) — ( — — s “ ( m2 ~ m + 2 )ft 


W k -T = < 


2(m-l)|S^-l| ^AUP 

W (Pj, •) I + 


i(m+l) 


2(m—2) (m—T) —1 | G AA (Pj,') 


21 _ ft 

4 6 


'§3 ' Gaa (Pj , ') 


m > 3 

m = 2 


and we define hence the deficiency spaces 

Vq(a) = span {w l a : 1=1,..., and V p (l3,j) = span { ^ : j = 1,..., TV } . 

endowed with the following norm. If F = EE ^ E* € 'Dq(a) and U = E^Li ^ £ 

2? p (/3 ,7), we set 

a: a 

mk(<» = E Ei and = E i^i- 

i=l 3 =1 

For the case to = 2, we need to introduce eifro deficiency spaces defined as 

£ q = span { Xq, : 1 = 1,..., K} and £ p = span {x Pj : j = 1,...,N} , 

where the functions \pi > • ■ • > Xpw 5 Xgi > • ■ • > XqK are smooth cutoff functions supported on 
small balls centered at the points Pi, • • • ,Pn, Qi, ■ ■ •, Qk and identically equal to 1 in a 
neighborhood of these points and they are normed in the following way. Given two functions 
x = EE X3 X Pj € £p and Y = EE Y l x qi G £ q , we set 

K N 

rik = EiE and ii^iUp = E i*e 

1=1 3=1 
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Given a triple of vectors a £ and /3 ,7 £ l w , it is convenient to introduce the following 
matrices 


-n / \ ^ ( P N-\-l ) / \ 

Zii(a) := tti—— -rr <Pi(qi), 


' (Tn+i) I 


■= 


: ( r j) 

: (ft) I 


(ft- &<Pi(Pj) + Ij ViiPj)) 


where e(Fjv+;)’s are defined in formula [2771 


for i = 1. 

..,d 

and 1=1,. 

..,K, 

for i= 1.. 

.,d 

and j = 1,. 

. .,N (3.3) 


3.2. Linear Analysis on the model. This subsection is crucial both for the extremal and the 
Kcsc case. 

Let (Xr, h, rj) be an ALE Kahler resolution and set 

Xr,R 0 = 7r_1 (Bro) ■ 

where 7 r : Xr —> C m /T is the canonical projection. Let S £ R, a G (0,1), the weighted Holder space 
Cg’ a (Xr) is the set of functions / £ C^’“(Xr) such that 

\\f\\c%' a (X r ) := II/Ilc7 fc .“(AC r ,rt 0 ) SU P ^ (^’)llc fc ' Q (B i\Bi /2 ) < +°° ■ 


We can now state the result m Proposition 4.2, 4.5]) that summarizes the mapping properties 
of between weighted spaces on ALE Kahler spaces. 


Proposition 3.2. Let (Xr,/i,ft a scalar flat ALE Kahler manifold. If m > 3 and 5 £ (4 —2m, 0), 
then 


: Cg’ a (X r ) —»■ C° s ’_ a 4 (X r ) 
is invertible. If m = 2 and S £ (0,1), then 

: Cg’ a (X r ) —► C° 5 fl 4 (X r ) 


is surjective with one dimensional kernel spanned by the constant function. If moreover e(r) = 0 
and r <1 U(m) is nontrivial, then for S £ (2 — 2m, 4 — 2m), the operator 


K 5) 


Cf a (X r ) 


C?l“ 4 (X r ) 


has one dimensional cokernel that is orthogonal to the space generated by functions f £ Cgfl 4 (Xr) 
satisfying 



= 0 . 


The above Proposition holds trivially also when restricting the domain to T-invariant functions, 
and it has the following fundamental application in producing the Kahler potentials of the lift of 
holomorphic vector fields. 


Proposition 3.3. Let ( Xr,h,rj ) be a scalar flat ALE resolution o/C m /r, then 

Cu(m) (r) C Iso 0 (X r , h ) . 

Proof. The standard linear action of U(m) on C m induces a natural action of C c/ ( m ) (T) on C m /r 
and this action naturally extends to a holomorphic action on the whole Xr- It is a standard fact that 
every element of Cu( m ) (ft is the exponentiation of an element of Ur (m) C u(m) ( the algebra of 
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skew symmetric matrices commuting with T) and hence any 5 £ Ur (m) gives rise to a holomorphic 
vector field on C m /F, that by abuse of notation we call S, and is of the form 

E E'l z ' i) j. 

To prove the result we will show that every vector field constructed as above admits a Hamiltonian 
potential and hence preserves the symplectic structure rj and consequently, by the Kahler condition 
is also Killing. The vector field 3 is Hamiltonian for the standard symplectic structure ui e uci indeed 
it has the purely imaginary potential 

(fJ’eucl i % Z-i 

such that 

8 {f^eucl i = ^ -1 Ldeucl • 

Denoting with 7 r : Ar — > C m /T the canonical surjection we consider £ the (0, l)-form on A'r 
defined as 

£ := 3 j [r] - 7r*w euci ] 

clearly £ £ L 2 (A' r , h) and moreover = 0. From [T2l Theorem 8.4.1] we deduce that the first L 2 - 
cohomology group H ^ 2 (A'r, C) is isomorphic to the first De Rham cohomology group H 1 (Ap, C) 
and by |23j Theorem 4.1] we have that H 1 (Ar,C) = {0}. Moreover by [11 Corollary 12.8] we find 
that 

Z = df 

with / complex function in L 2 (Ap, h). Using the mapping properties of the Laplace operator It is 
possible to obtain more informations on /. We have, indeed, that £ £ C\- 2 m (^r, (T*Ar)^’°^ by 
construction and hence a simple computation yields d £ £ (Ar, C). Now 

A „/ = 28* t 

and using the surjectivity of the Laplace operator 

A v : Cg’ a (A r , C) —> C°’* 2 (A r , C) S £ (3 - 2m, 2 - 2m) 

and the fact that A v has no bounded kernel we conclude that / £ Cg' a (Ar,C) (~l Cf£ c (Ar) with 
5 £ (3 — 2to, 2 — 2to). Now we have, by construction, that 

8 [7T* (ll e ucl , S) + /] = 3 J T) 


and hence 

L, ( [tt (fleucli ^) T /] = 0 . 

Since the metric h is scalar flat, L r/ is a real operator and consequently both the real and the 
imaginary part of 7 r* (n euc i,E) + / are in the kernel of L^. The real part of 7 r* (/r euc ;,5) + / 
coincides with the real part of / since 7r* ( /leuci , 5) is purely imaginary, hence / is bounded and by 
Proposition 13.21 it vanishes identically. We have therefore a Hamiltonian potential for the vector 
field 5 with respect to the symplectic form r). Since the flow of 5 preserves the complex structure 
and the symplectic structure, it preserves also the metric and the proposition is proved. □ 


We point out that a consequence of Proposition 13.31 is that 77 is invariant for the action of any 
torus in Cu( m ) (r) hr particular for the action of the special torus T we chose at the beginning. 
Moreover, as explained in the proof, given a vector field in A £ f and denoted with A its lift to 
Ar, we can always find a Hamiltonian potential (/i^, A > such that 
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d(ji v ,X^ = X _irj. 

This is a remarkable fact, indeed, a priori there could be obstructions, topological or analytical, to 
the existence of Hamiltonian potentials as it happens in the asymptotically conical setting. It turns 
out instead that, because of the special nature of the singularity C m /r, it is possible to find, on 
the resolutions, Hamiltonian potentials of all holomorphic vector fields coming from linear fields on 

c m /r. 


4. Nonlinear analysis 

In this section we collect all the estimates needed in the proof of Theoren ll.21 We introduce a 
small parameter e and we will work on the truncated manifolds (or orbifolds) M re and Xr j: R e for 
j = 1,... ,N where we impose the relation: 

2m — 1 

r e = £2m+l = £ R e _ 

Notation. For the rest of the section Xj w HI denote a smooth cutoff functions identically 1 on 
B 2ro ( Pj) and identically 0 outside B 3ro (pf) and \i will denote a smooth cutoff functions identically 
1 on B 2ro ( qi) and identically 0 outside B 3ro ( qi) 

4.1. Pseudo-boundary data and Biharmonic extensions. We recall here the definition of 
Pseudo-boundary data. 


Bj ~c 4 ' a (§ 2m -7r,-) x c 2 ’ a (§ 2m "7r7 

B N+l :=C 4 ’ a (§ 2m -7lW +i ) X C 2 ’ a (§ 2m "7riv +i ) 


N 


K 


b = n B T n s 


N+l 


U = ! 


^ 1=1 


for q ^ 


and for q = i 


B 


(k,6) := j(h, k) e B \ \\hj,kj\\ B . , \\h N+t , h\\ BN+i < «r^} 


(4.1) 


B(k,S) := < (h, k) € B 




< K£ 4m+2 J1 —6m+4 —5 


h"\k^ 


< K£ 2m+4 r 2 ~ 4m ~ 5 


Let (h, k ) G C 4 ’ a (S 2m 1 ) x C 4,a (S 2m 1 ) the outer biharmonic extension of (h, k) is the function 
k G C 4 ’ a (C m \ B\) solution fo the boundary value problem 


f A 2 H° u f = 0 on C m \ Hi 
i H° h u f = h on dB 1 
[AHf$ = k on dB\ 
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Moreover H has the following expansion in Fourier series 

((( h M kl 2 - 2 ™-^ ^ 4(4^M 4 - 2m - 7 ) h rn > 3 

TTOut . ) 

-tlh : k •— \ 

|^ ( 0 ) M - 2 + ^log(H) +ES ((^ (7) + *£) H " 2 ” 7 - ^H” 7 ) ^ m = 2 

_ (4-3) 

Let (ji,k^ £ C 4 ’“ (§ 2m_1 ) x C 2,a (S 2m_1 ), the biharmonic extension IL™- on B\ of is 

the function HA 1 - £ C 4,a (Bi) given by the solution of the boundary value problem 

fAUf^ = 0 we Bi 
J H! n ; =h wedBi . 

I h,k 

A Hi n r = k w £ dBi 

\ h,k 

The function H™- has moreover the expansion 

m (»>=£ ((* M - j(^) i”' 1+ 4(^1 1 “ |7+2 ) ■ 


Remark 4.1. In the sequel we will take F-invariant (h,k) £ C 4,a (S 2m 4 ) x C 4, “ (§ 2m and by 
El Remark 2.4] we will have no terms with (j>\ in the formula (14.31) for nontrivial T. 

4.2. Extremal metrics on the truncated base orbifold. We want to construct perturbations 
of w on M Te of the form 

Wh,k :=uj + iddFgg 

such that Uh.k is extremal. Since we look for small perturbations, by Proposition 12.31 we have to 
find (F{$, X out ,c out ^j £ C°° ( M re f xtxl that solves equation (HJ i.e. 

P*P U [Fh%] + 2 (nu:,X out ) + 2c out = -JX out [F£%] + (iffi) 


We seek F^'k °f the form 


TT'OUt . _ TTOUt I fOUt 

'^h^k ' J h,k 


with 


N+K 


H OUt _\ TTOUt I ~ 

h,k •- 2^ I — 


As usual, it is convenient to work on the punctured orbifold and to use the standard 


truncation/extension operators £ rs , so we want to find ^f^,X out ,c out ^j 
with <5 CE (4 — 2 to, 5 — 2m) such that 


£ Cf a (.I/,,,, : r x t x 


KPu [fh%\ +2 (fj-u, X OUt )+2c OUt = -£r e P:Pu [H ° h %]-£r s JX° Ut [H ° h t + fZ%]+£r s K 


(H$ 


fOUt^ 


kl 


(4.4) 
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Making use of Proposition 13. II and Proposition 13.21 we can we rephrase equation (14.41) as a fixed 
point problem 

(/£$, X out , c out ) = Af out (/£$, X out , c° ut , h, k) 

with 

M out : Cf a (M p . q ) T x t xRx8(c,i)-> Cf a (Af p , q ) T xtxR 

nonlinear continuous operator. With computations analogous to those performed in J3] one obtains 
the following result. 


Proposition 4.2. Let (M,g,oj) be an extremal orbifold with T-invariant metric g. Then for every 
(h, k) €B(k) there is ^f^,X out ,c out ^j € Cf a (M p , q ) T xtxR with 


I f OU t II 

|Jh.k|| C 4,« (Mpiq) 


r 


IC 4 '“(M) 


+ \c out \<C{K)r 2 e 


(4.5) 


such that 

Wh.k := w + idd (H k “ k + / k )(!) 

is an extremal Kdhler metric on M rs with extremal vector field, X s + X out . 

It is important to note that a consequence of condition (14.51) is that around points in p and q 
the following estimates hold 


.C(rv) 


B2r £ (Pj ) 


C 4 ’ a (B 2 \B i ) 5 


/CkM 


B 2 r £ ( QN+l) 


C 4 '“(B 2 \B i) 


< Cry 


with C positive constant depending only on g. This kind of estimate is indeed necessary for the 
success of the data matching procedure. 


Another fact that that deserves a word of comment is the fact that the triple y.f^%,X out ,c out J 
of Proposition l4.2l depends nonlinearly unpon the parameters (h, k). Indeed, being a solution of the 
PDE (14.41) it is immediate to see, by the structure of such equation, the nonlinear dependence of 
f out on (h, k) and then Remark |2.6I evidence the nonlinear dependence of c out and X out on (h,k) 
and the link between , X out and c out . 


4.3. Kcsc metrics on the truncated base orbifold. We recall here the construction of the 
families of Kcsc metrics on M re . We want to construct F°^ c h k e ^ 4,a (Af re ) such that 

^a.b.c.h.k ■— (V T iDOF a yj 5 C; h,k 

is a metric on M re and its scalar curvature s aJa b c h k is a small perturbation of the scalar curvature 
s^ of the reference Kahler metric on M. 

The function F°^ c h k consists of blocks and takes different shapes whether q is empty or not 


FI 


i out 

a,b,c,h.k 


{ - 2 m- 2 p 

£ G -° c 

-e 2 m G 0 , b ,c 


| T_T OUt _i_ fOUt 
^ n h,k 1" J a,0,c.h,k 

| T3 I T TOUt _i_ £OUt 

ri)4 l T" n h,k ' J 0,b,c,h.k 


q ^0 

q = 0 


The function F°^ c h k is made of the skeleton e 2m ~ 2 G a h c , respectively e 2 m G 0 ,b,c when q = 0, 
biharmonic extensions of pseudo-boundary data H k “ k , transplanted potentials of r/fis Pb .77 when 
q = 0 and a “small” correction term c h k that has to be determined. 
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Skeleton. The skeleton is made of multi-poles fundamental solutions G a b,c of L w intro¬ 
duced in formula 13.31 that near points pj we have the expansion 

c(r J )& J |r J | 


G a .b.c 


and near points qi 

G a; b,c 


2| c (Tj) | (m — 1) |S 2 m_ i| 


aie (Tn+i) |Tz | 


Ga{pj,z). 


:G a a (qi,z). 


8 (to - 2) (to - 1) |e (T n+ i) ||S 2m 

where c (Tj) and e (Tjv+z) are introduced in formulas (12.71) and (12.81) . It is then convenient, 
from now on, to set the following notation 


Ai = 


a-z |Tz 


8 |e (Tjv+z) | (to - 2) (to - 1 ) IS 2 ” 1 " 1 

b j\ T j\ 


Bj \2|c (Tj) | (to — 1) |S 2m_1 


(4.6) 


r IE'I 

J 8 (to — 2) (to — 1) 


2| c{T j )\B j 


2m ( m - !) I& 


2m—1 1 


i|r* 


-Sui 1 + 


(to — l ) 2 

(to + 1) 


- Co- 


Extensions of pseudo-boundary data. As in and [ 2 ] we define for (h, k) £ B (k, 6) 


E.i=i XjH\ 




(*) 




H OUt , 

h,k • — 


ZU (*) + , (*) q = 0 


(4.7) 


Transplanted potentials. We need this term only when q = 0. It is the the term 


N 


Pb.r, ■= Y, f ^ ) ■ 

3=1 ' J 


(4.8) 


with the coefficients Bj ’s defined in formula (14.61) and tl) rl , ’s defined in formula (12.81) . 
Correction term. It is the term that ensures the constancy of the scalar curvature of the 
metric w a ,b,c.h.k and it is the solution on M Te of the equations in the unknown / 

U, [/] = [2 Sui - e 2m -V c - 2s Wo b c h k ) - [P b ,J - [Hg£] 

+ (-e 2 m - 2 C 0 ,b,c + P b .„ + Hb“k + /) , 

if q = 0 and 


U, [/] = (2s w + e 2m - 2 u a . c - 2s Wa 0 c h k ) - [H$] 

+ N w (+e 2m - 2 C a ,o, c + Hb“k + /) • 

if q 7^ 0. 

It is a function c ,h.k e C f a (M p>q ) © V p (b, c) © D q (a) if to > 3 and /°^* c h k £ 
Cg’ a (Mp. q ) © £ p © X> p (b, c) © £q © X> q (a) if to = 2, where the spaces Cf a (M Pi q ) © 
V p (b, c) © Vq (a) and Cg’ a (Af p q ) © £ p © ©> p (b, c) © £ q © X> q (a) are defined in formulas 
(13.31) and (13.31) . 
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Notation. For the rest of the paper we will denote with C a positive constant, that can vary from 
line to line, depending only on ui, rjj’s and On + i ’s. 

We can now state the main propositions for the base space. The first deals with the case q f 0, 
and its proof is an easy adaptation of the proof of Proposition 5.1 in [2] 

Proposition 4.3. Let (M,g,u>) a Kcsc orbifold with isolated singularities and let p be the set of 
singular points with non trivial orbifold group that admit a scalar flat ALE resolution with e(r) = 0 
and q a non empty set of points admitting scalar flat ALE resolutions with e(r) ^ 0 . 

• Assume exist a £ (R + )' ftr such that 

I E£.«ifeW«> = ° i = l,...,d 


(2 (a)) i <i<d has full rank 

\ 1 <1<K 

where (2(a))i<,<d is the matrix introduced in Section^ formula (13.31) . Let G a .b.c be the 

1 <1<K 

multi-poles solution o/L w introduced in SectionUH Remark \3.3l 
• Let 8 £ (4 — 2m, 5 — 2m). Given any (h, k ) £ B (k, S), where B (k, S) is the space defined in 
formula m, let be the function defined in formula 62D- 


N 


j =i 


hi ,k 


(t) 



K 

E 

i=i 


XiH? 


fc (t) 



Then for every |c| < there is & £ (R + )^ such that 

|a — a| < C r 2 E m £ 2 - 2rn 


and /a“o,c,h,k e C s ’ a (M Pi q) © D q (a) if m > 3 and /°# )C>h , k e C s ’ a (M p>q ) © £ p © £ q © X> q (a) if 


pout r- 

m = 2 such that 

w a ,0,c,h,k = w + idd (G a o,c + Hj^jk + /a'o c.h.k) 
is a Kcsc metric on M re and the following estimates hold. 


rout 

J a,0,c,h,k 


Ct“(M p , q )©X> q (a) 


< C r^ m+1 for to > 3 


< C rz. for to = 2 

Ca (Mp, q )©£p@£ q ©X> q (a) 

Moreover s u , a0chk , the scalar curvature of w a ,o,c,h.k. is a small perturbation of s u , 
curvature of the background metric to 


rout 

J a,0,c,h.k 


- Su 


< G 


.2m—2 


the scalar 


The second one deals with the case q = 0. The following Proposition follows from the same 
argument of the proof of [6; Proposition 5.4] observing that Ricci flatness does not enter in the 
proof. 


Proposition 4.4. Let (M, g , ui) a Kcsc orbifold with isolated singularities and let p be the set of 
singular points with non trivial orbifold group that admit a scalar flat ALE resolution with e(T) = 0. 
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Assume exist b G (R + ) JV and c G such that 

EjLi ( pj ) + cjipi (pj)) =0 i = 

(0 (b, c)) i <i<d has full rank 

l<j<N 

where (0 (b, c)) \<i<d is the matrix introduced in Section^ formula (13.31) . Let Go.b.c he 

1 <j<N 

the multi-poles solution of introduced in Section^ in formula \3.3[ 

• Let S G (4 — 2to, 5 — 2m). Given any (h, k) G B (k , S), where B (k, S) is the space defined in 
formula (TP1) . let be the function defined in formula (1X71) . 


N 


TOUt 


j =i 

Let Pb. 7 j &e t/ie transplanted potentials defined in formula (1X51) 


N 


Pb.r, := ( ^- e ) • 


3 =1 


T/ien i/iere is /££ Cih|k 6 C 4 ’“ (M p )®D p (b,c) if m > 3 and / 0 °“ b ‘ Cjhik G C 4 ’“ (M p )©£ p © V p (b,c) 
if to = 2 such that 

w 0 ,b,c.h,k = w + *59 (G 0 , b ,c + p b .„ + H b “£ + k ) 

*s a Kcsc metric on M re and the following estimates hold. 


£OUt 

J 0,b,c,h.l< 


C*’“(Mp)©X> p (b,c) 


< C £ 2m+2 r 2 2m 5 for to > 3 


fout 

J 0,b,c,h,k 

hk , the i 

curvature of the background metric u> 


< Ce 6 ‘ 


,-2-5 


for to = 2 


Cj’“(Mp)©£p©D p (b,c) 

Moreover s Uo b h k , the scalar curvature o/ wo,b.c,h,k, is a small perturbation of s^, the scalar 


| s ^o,b,c,h,k | < Ce 


2m 


4.4. Extremal metrics on the truncated model spaces. As in the base case we want to 
construct perturbations of 77 on X r Re of the form 

:= eVr? + ie 2 ddFVV a G R + 

such that 7 \ 1 is extremal. Again, by Proposition ^. 31 we need to find |f!™,c ron j G C°° ^A r x 
K that solve equation m i-e. 


P* P 


h.k 


= — 2s 4 a 4 c inn —2e 4 a 6 


(/*„, X s + X outX j-e 4 a 4 J (x s + X out ) 


Fi 


h,k 


+a 2 Nrj 


_ jpinn 

2 ^h.k 


(4.9) 

Remark 4.5. We want to point out that equation (12.41) on A r and consequently equation (14.91) 
make sense only because of Proposition 13.31 Indeed, to write equation (14.91) , we need the moment 
map p v that produces Hamiltonian potentials of holomorphic vector fields on A'r and Proposition 
3.31 precisely ensures the existence of such Hamiltonian potentials. 
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We look for F[ n p of the form 

h,k 

j^inn ._tt inn , rinn 

^h,k ’~ n h,k ' ■'h,k 


with 


tt inn 

^h,k 


. — yfTinn 

' X- h,k 



As usual, it is convenient to work on the complete model Xp and to use the standard trunca¬ 
tion/extension operators £r 6 , so we want to find £ Cf a (Xp) T x R with S £ (0,1) 

such that 


P*P 
r v V 


rim 

J hi 


= -£^p;p v 


- e 4 a 4 c ,n " - 2e 4 a b ^Re (^, X) 


4 4 c 

— eat 


R e J ^ 


H inn 

h,k 

V i vout\ xrmn i rinn , 2 c t\t ( ^ (rrinn , rinn\ 

■“ + x ) [ u h: k + /h,kj + a % N ^ ( ^2 (,%fc + 4,k ) 


(4.10) 


Making use of Proposition 13.21 we can we rephrase equation (14.101) as a fixed point problem 


with 


( rinn inn\ _ \finn ( rinn inn x x.\ 

Uh,k’ c ) Uh,k’ c ■< h k ) 

r n : Cg’ a (X r ) T x R x B (k, 8 ) -»■ Cf a (X r ) T x 


nonlinear continuous operator. With computations analogous to those performed in [3j it is possible 
to obtain the following result. 


Proposition 4.6. Let (Xr,h,rj) be a scalar-flat ALE resolutions o/C m /r with T-invariant metric 
h. Then for every [e 2 h, e 2 fcj £ B ( k , 6 ) and a £ R + ,there is c mn J £ Cf a (Xp) T x R with 


rinn 

•'h,k 


+ \c inn \ < ClK)R i - 2m 

Ct’ a (X r) 


such that 

:=«V, + fe 2 aa(H5 + /5j) 

is an extremal Kahler metric on X r with extremal vector field X s + X out which is the natural 
lift of the vector field X s + X out defined in Proposition \f.‘2\ 


As for the base case, an important consequence of Proposition 14.61 is that the following estimate 
holds 


2 rinn 
& ^ h,k 



Xr\X r 

’ 2 a 



< C r 


4 

£ 


with C positive constant depending only on g,r]. Again, this kind of estimate is necessary for the 
success of the data matching procedure. 
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4.5. Kcsc metrics on the truncated model spaces. We now want to perform on the model 
spaces AVj ’s and Yr N+! a similar analysis as in the previous Subsection. The constructions of the 
families of metrics are essentially the same made in | 6 ] except for some complications due to the 
fact we require the models to be only scalar flat with e(T) = 0 and not necessarily Ricci-flat. These 
technical complications show up when we construct the transplanted potential and the extensions 
of pseudo boundary data and are due to the presence of coefficients 00 , 02 , 03 , 04,05 relative to 
particular asymptotics of the potentials at infinity of the families of metrics which in the Ricci- flat 
case could be taken Co = 02 = 03 = 05 = 0 and c 4 = — • These coefficients, as we will 

see in the last section will influence the balancing condition. 


Notation. To keep notations as short as possible we drop the subscripts j and l. 


Our starting point are scalar-flat ALE Kahler manifold ( Xr,rj,h ) and (Yr,0, fc) where we want 
to find i'l’t - G C 4, “ ^A' r respectively F* r ~ - G C 4,a ^Yp ^ with a, b G M + such that 


: = 5 0 + iddF alk 


and 


% ,Eit “ + iddFl 


b,h,k 


are metrics on Y r Rj and X r ^ . Moreover 


S “ 2e (-^aA.fe) “ Sl ? ~ £2 + 2 Sa ’°T.h,k^ 

when q ^ 0 and 

{nii) = S*, (*&*) = E 2 (*, + j«o,h,c,h,k) 

when q = 0 with S. the operator introduced in (12.611 . 

The parameters d, b with the “manual tuning” of the principal asymptotics and h , k with the Cauchy 
data matching procedure. The modifications of the metrics rj and 9 will be made of blocks and it 
will take different shapes if q ^ 0 or if q = 0. Indeed, if q ^ 0 then on Yr 


fpin _rrm -I- f^ n 

a,h,k h,k J a,h,k 

and on A'r 


rpin _u-in . rin 

r b,h,k n h,k H,h,k ’ 

if instead q = 0 then 

rpin _-p_ 1 rjin _i_ rin 

r b h k ' ^ b,uj ' k'^b h,k * 

The term is the transplanted potential of u> and comes into play when there are only 

AT r ’s, Hf~ k is the biharmonic extension of pseudo-boundary data /!"- -, ft n ~ - are the perturbations 
ensuring the constancy of the scalar curvature. 
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Transplanted potential. If q = 0, then we introduce the term Pj that is a suitable 
modification of the function i/v, . Following exactly the same strategy of [ 6 ] we look for 
functions W 4 , W 5 solutions of 

Ljj [tP4 + W4] = 2 


M^ + Wg] = 0 . 

Notation. For the rest of the subsection x will denote a smooth cutoff function identically 
0 on X r rq and identically 1 outside X„ . 

’3b ’2b 

We set 

f (f| + x\ x \ 4 ~ 2m for to > 3 

u 4 ■■= < 

i(ff + xf) X lo g(1^1) for to = 2 


u 5 (if + If) xM 5 2m 

for a suitable choice of $ 2 , $ 4 , $ 3 , $5 eigenfunctions relative to the eigenvalues A 2 , A 4 , A 3 , A 5 
of A§ 2 m-i. Setting also 

iri r 

C4 := c (r)|s 2m — 1 | J x ^ + + 2s “' ) dfJ,ri ( 4 - n ) 

iri r 

C5 := e( r)|s^-u J Xr L ” l ** 5 + “ 5l ^ 

we can find V 4 £ C 4 ’“ (Xr) with 5 £ (2 — 2m, 3 — 2to) and V 5 £ C$’ a (Xr) with 5 £ 
(3 — 2to, 4 — 2to) such that 




x vl; 4 + « 4 - 8 ( m ^— 1} xM 4 2m + 


U 4 


—2s w for to > 3 


L r; 


X ^4 + w 4 + log (|x|) + U 4 


— 2 s w for to = 2 


Remark 4 . 7 . Contrarily to [ 6 ] here we do not have any information on constants c 4 , C5, we 
do not know even their sign. If Xp is Ricci-flat, as in [ 6 ], one can to compute explicitly the 
constants c 4 , C 5 and show that C 5 = 0 and c 4 depends linearly on the scalar curvature of 
M and nonlinearly on the dimension. 


Now we can write the explicit expression of IF 4 

[ ~ 8(m-2Hm-l) Xk| 4 ~ 2m +U4+V4 for TO > 3 , 

w 4 := l 

[ c ( r ) c ^ E y l 0 g (|a;|) + U4 + V4 for TO = 2 . 

Analogously to the case of 414 the correction W5 of ^5 is then 

f- 8(S(!-1) xM 4 ~ 2m + u 5 + u 5 for TO > 3 , 
W 5 := l 

1 c(r) 4 5b £ xlog (M) + »5 + ^5 


for to = 2 . 
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If we define 

V := e 2 b 4 W 4 + e 3 b 5 W 5 . 

then we can define the transplanted potential Pg ^ as the function in C 4, “ ^Y r R^j 

rxV’w (bex\ 




P — 

r b,uj ■ — 


(b£x) 


V 


+ V + C 


for m > 3, 


(4.12) 


for to = 2 . 


where C is the constant term in the expansion at B 2 r 0 (p) \ B le ( p ) of 

rpout _ 2mn _i_ ID tj; out , rout 

r 0,b,c,h.k — & ^OjbjC ' *0,77 i -n-h,k ~r Jo,b,c,h,k * 

introduced in Proposition 14.41 

Extensions of pseudo-boundary data. Also this term takes different forms whether 
q = 0 or not. If q ^ 0 then we define Hi"- G C 4 ’“ (Y r , ) and Hi"- G C 4 ’ a (X r , R e ) as 


bx 


Hft := (0) +X\H^\ — )- //ft (0) ] . 


h,k 


h ’ k \ Rr 


(4.13) 


If instead q = 0 we need the construction of H™- performed in iB]. Indeed, as for the 
transplanted potential, we look for functions Wo, W 2 , W 3 for the equations 

K, [xM 2 + Wo] = 0, 

K, [xM 2 $2 + W 2 ] = 0 , 

[x\x\ 3 $ 3 + W 3 ] =0. 

with Wo, W- 2 , W 3 having a structure similar to W 4 , W 5 we built for the transplanted poten¬ 
tial. Indeed, once we set 

|r| 


c 0 := 


C2 :=- 


C (r)|s 2 ” i - 1 | 

J£|_ 

2 m—11 


IX r 


<r)|s 


lx r 


^-“rj [xM ] dp-r] 

Lr, [xM^] dyrj 


C3 :=- 


l r l 


<r)|§ 


2m—11 




IX r 


x | a ;| 3 $ 3 + m (3) 


dp,rj 


with 


Wo := 


W 2 := 


8(m —2)(m —1) 

^xW 4 ’ 

c(T)c 2 


xkl 3 2m $3 


ve define 


rryX \ x 4_2r " + 

TO > 3 

2 m _|_ ^( 0 ) 

TO = 2 

_ a .| 4 - 2 m _|_ v (2) 

TO > 3 

c| 4-2m + v™ 

TO = 2 
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~WT^=T)\ X \ 4 2m + u(3) +v (3) rn> 3 


W* := 




m > 3 


with v^°\v^ 2 \v^ £ Cg’ a (Xr) for 6 £ (2 — 2m, 3 — 2m) . 

Remark 4.8. Here we see a technical complication due to the fact we ask Xr to be only 
scalar flat with e(T) = 0 and not Ricci flat. Indeeed if A'r were Ricci-flat, as in [5], then 
the constants c 0 , c 2 , c 3 would vanish, making the behaviour of the Wj’s easier. 


Moreover we set 
fc(°)6 2 


V' := 


4 mR 2 


^ + ( i<2, -ra ^ + lr- 


fc( 3 ) 


4(m + 3) 


W* 


and hence we can introduce the function H’j"~ G C 4,a (X r Re) 






bx 

~ h ’~ k \ Te 


h.k 


Correction term. The terms fl n T T and r 

J a,h,k J b,h,k 


(0) J + V'. (4.14) 

that ensure the constancy of the scalar 


curvature of the metrics 9- ^ ^ and of rj^ ^ j. on Xr,R e and are solutions of a fixed point 
problem on a suitable closed and bounded subspace of Cf a (Xr). 

We are now ready to state the main results on the model spaces. 

Proposition 4.9. Let q ^ 0 and let (Xr, h,ij) and (Yr,k,9) ALE scalar-flat Kahler resolutions of 
C m /T withT finite subgroup ofU(m). Let S G (0,1). Given any (ji,kj £ B, such that ^£ 2 /i,£ 2 /c^ £ 
B(k,S ) is the space defined in formula (14.21) . I 

formula (14.131) . 


B(k,S), where B(n,5) is the space defined in formula (14.21) . let H™~ be the function defined in 




bx 

~ h ’~ k \T E 


-Hi-A 0) 


Then there is fl n ? r G C$ (Yr) and f~ n r r G C$ (Xr) such that 


0a,h,k ~ ® 


'• + *»(*%*&*) 


is a Kcsc metric on T r r^_ and 


%i=P’l + M>(ng l +/£M) 


is a Kcsc metric on X r r^. Moreover the following estimates hold. 


Moreover s Vi - - and sg 


fin 
^ b,h,k 

satisfy 


ct’ a (x r ) 


fin 
n. h.k 


(Lr) 


< C e 2 R 


2 r>4 —S 


S Vh,k ~ Se a,h,ic — S ^a,0,c,h,k ■ 


The proof of Proposition 14.91 is an esay adaptation of [2J Lemma 5.3 ]. 
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Proposition 4.10. Let q = 0 and let (Xr,h,'ij) be a scalar flat ALE Kahler resolution of C m /T 
with F finite subgroup ofU(m) and e(r) = 0. 

• Let S G (4 — 2m, 5 — 2 to). Given any (h,k^ G B , such that ^ £ 2 h,e 2 kj G B(k, 5), where 
B (k, S) is the space defined in formula 

(1444 1). 


let H™~ be the function defined in formula 




h.k 


bx 


- H b (°) ) +v '- 


• Let u be the transplanted potential defined in formula (|442l) 


Pb.oj :_ 


Then there is f~ n ~ - G Cg’ a (A'r) such that 


jiXi’u (hex) 
prXV’w {hex} 


V 


+ V + C 


for m > 3, 
for m = 2 . 


' b,h,k 




is a Kcsc metric on X r and the following estimate holds. 


fi 

Jh 


m 

b.h.k 


< C (k) £ 2m+4-im-8 r -2 

Cf a {X r) 

with C (k ) G K. + depending only on oj and rjj ’s and k the constant appearing in the definition of 
B(k,5 ) (Section \fil\ formula \4.2\ ). Moreover s Vi . the scalar curvature ofr/g^k * s 


The proof of Proposition 14401 follows observing that the estimates in Lemmata 543, 544,545 
in [6] hold also in this case precisely due to the choice of c 0 , c 2 , c 3 , c 5 . 

5. Data matching 

54. The extremal case. We can now complete the proof of the following 

Theorem 5.1. Let (A l,g,u>) be a compact extremal orbifold with T-invariant metric g. Let p,q be 
as above. Then there is e such that for every e G (0, e) and b G (M. + ) and a G (R + ) the orbifold 

M := M Up 1>e Xr-L Up 2 ,e ■ ■ ■ L-W,e ^"r N ( —,S ^ T w+ i LJ(j 2 ,e ‘ ‘ ‘ Aq K ,e 4 r N + ft r 


has a T-invariant extremal Kahler metric in the class 

K 


N 


tt*M +J2e 2m ~ 2 tf m - 2 [e l \ +J2e 2m bM] 


/=1 


l=i 


where i* 


Bi 


= [ &i\ with i i : Y Tn Re M the standard inclusion (and analogously for rjj). 


Proof of Theorem 15.11 : The result follows combining Proposition 14.21 Proposition 14.61 and the 
standard procedure of data matching exposed in [3] Section 10]. 

□ 
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5.2. The Kcsc case. The final step is now to show a matching condition for the metrics constructed 
above, and in particular why the quantities Coj, C‘ 2 ,j, C3 j, c- u j do not interferee with the fixed point 
argument. 


Proof of Theorem \1.2l : We focus on the case m > 3 since the proof for the case m = 2 is exactly the 
same. We denote with V°“ 4 0 c h k and V°" 4 0 c h k the Kahler potentials of w a .o iC ,h,k on neighborhoods 
of points pj and qi, with V™ - - the Kahler potential of ^ ^ on and with ~ - 

the Kahler potential of r]~ h , ^ on X r _r, . It is possible, using Propositions 14.31 and I4.9L to rescale, 
expand and decompose the potentials V°“‘ 0 c h k , V z °“* 0chk , ^ in the same way 

as done in ]B]. 

We start with the case q ^ 0 and the 11 tuning conditions ” are 


/ 


/-p \ ~ 2 ?ti— 2 2 r>4—2 m 

e (P;) a i s R e 


1 + 


( £OUt 

V J a,0,c,h.k 


e (Ti) aie 


^., 201 - 2 ^ 4-2171 


'.( 0 ) 


4m — 8 


/-i 2m —2 4—2m 

r £ 


1.(0) 


4m — 8 


where the 


quantities 


( £OUt 
yJ a,0,c.h,] 


^ , introduced in Section [3] 


are the structural coefficients of 


i (/ao* c h k) that is the projection of c h k on the deficiency space Vq (a). The U tuning 

conditions ” become hence 


-2m —2 


1 + 


]/a,0,c.h.kJ 


r 2m-2 


- 


7.(0) 2m-4 
r £ 


(4m — 8) e (r^) e 2m 


-2 


C,= 


^(0)^2-2m,y,2m-4 

J_£_ 

4?n — 8 


Now these conditions allow us to proceed exactly as in [2l Subection 5.3] and the proof of ll.2l in 
the case q 7^ 0 is complete. 


Let now q = 0. Also in this case it is possible, using Propositions 14.41 and 14. 101 to rescale, expand 
and decompose the potentials V°o* b c h k , V* 7 - ^ ^. The “tuning conditions ” we must impose are 
the following. 


c (r,)6fV^ 


1 - 


( font 'V 

l ; Q-bAh,kj 

c-2m 


:(r j)B? 


' 7,(0) 


4 m — 8 
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r* _2m 4—2ra 

r £ 


'.( 0 ) 


4m — 8 


C (Tj) (c4j + bj£ C 5j ) £ 4 6 2m _R 4 2m 

8 (m — 2 ) (m — 1 ) 


(5.1) 


c (D c 0 fcj 0) 6 2 
32 (m — 2) (m — 1) mR 2 

c ( r j) c ^j f r (2) 

(m — 2) (to — 1) R 2 y 

C (U) C 3^ 3 f 7(3) 

(m — 2) (to — 1) i?3 ^ J 


fM 


fM 


where the quantities (/o]b,c,h,k) i introduced in Section [3] , are the structural coefficients of 
Xjli (/obc h k) W'b c that is the projection of /q^ c hk ° n the deficiency space V p (b, c). First 


we set 


~ h 2m = B 2 m 




\ r 2m ~ 2 

4TO — 8 J £ 2m 


then we solve equation (ED with respect to Cj and hence we determine the remaining tuning 
parameters. Letting e tend to 0 we find, looking at the choices of tuning parameters, the correct 
relation intertwining coefficients b and c in the balancing condition that is 

c . =b [i s _ 2M _ 

J 1 m “ ^ (to + 1) J 2 (to — 1) |§ 2m_1 ! 

Now, the proof of Theorem 11.21 when q = 0 follows arguing as in [ 6 , Subsection 6.2]. Indeed, 
after observing that the terms containing coy, C 2 j, C 3 j, have the s-growth that is bigger than 
the e-growth of pseudo boundary data and hence those terms are dominated by the pseudo boundary 
data, one can use the argument of data matching exposed in [Bj Section 6 ]. 

□ 
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